In this note, existence of good coverings for section spaces of smooth fibre bundles is shown by resorting to the Riemannian geometry of the L 2 -metric, via the construction of strongly convex neighbourhoods, in close analogy with the finite dimensional case.
Introduction
It is well known that infinite dimensional geometry, though developable in general along the same lines as the finite dimensional one, poses many delicate existence problems (at least beyond the Banach framework) which require ad hoc analytical techniques (see e.g. [H] , [KM] ). For instance, if one wants to use standard geometric tools (such as theČech-de Rham isomorphism, or existence of special functions, or sections with suitable properties), one needs extra information on the topology of the manifold involved, such as the existence of good coverings and of smooth partitions of unity. The latter problem has been addressed and solved in great generality in [L] (see also [KM] Ch.III). In this note we tackle the first problem and show the existence of good coverings for section spaces of smooth fibre bundles (Theorem 3.2) . Recall that an open covering of a manifold is good if finite intersections of sets therein are either empty or contractible. The importance of good coverings stems, at least, from their role in cohomology theory. Compare Leray's theorem asserting that the cohomology of a sheaf over a space is computed by theČech cohomology of the sheaf with respect to any acyclic open covering of the space. Weil used this approach to prove isomorphy of de Rham cohomology, singular real cohomology andČech cohomology of the sheaf of locally constant real valued functions upon observing that good coverings are acyclic for locally constant sheaves of abelian groups (see e.g. [G] ). In finite dimensions, one can cover a manifold by means of strongly geodesically convex sets (see e.g. [K] , [Ch] , and [dC] ), after introducing a Riemannian metric thereon, and the resulting covering is good. In Section 3 of the present paper, we follow the same route by resorting to L 2 -metrics on mapping spaces ( [H] , [FG] ), where, roughly speaking, everything is given pointwise (Levi-Civita connection, geodesics and so on). As in the finite dimensional case, the Riemannian geometric techniques are ancillary, and the net result is purely topological. For the sake of readability, Section 2 will be devoted to fixing notation and to gathering together some technical tools needed for the proof of the main result.
Preliminaries

L
2 -metrics on section spaces of fibre bundles Let π : E → N denote a smooth locally trivial fibre bundle (with typical fibre M , a smooth oriented finite dimensional manifold, not necessarily compact) over a finite dimensional compact base manifold N equipped with a (normalized) volume form ν, and such that there is a smoothly varying Riemannian structure (g M x ) x∈N on the fibres M x = π −1 (x), this being equivalent to fixing a smooth metric on the vertical tangent bundle V T E → N . We consider below the manifold Γ C ∞ (N, E) of sections of the above fibre bundle. In particular, if E = N × M and g x = g for all x ∈ N , we get the mapping manifold
is given, at a point f , by (see e.g. [FG] , or Subsection 4.5 of [H] ):
where, of course
The ensuing Levi-Civita connection is given as follows: let f = f (t) be a smooth curve in Γ C ∞ (N, E) (t ∈ I, an open interval) and let σ f be a smooth vector field along this curve, defined by a map
. Let, for fixed x, f x = f x (t) be the induced curve in the fibre M x , and let σ f x = (t → σ f x (t) ) be the induced vector field along it. Then, for all x and t, define
where
. Then, it is readily verified that the connection ∇ is metric and torsion-free; from the "six-term identity", it is true, in general, that there exists at most one metric, torsion-free connection, whence ∇ is indeed the Levi-Civita connection on Γ C ∞ (N, E) pertaining to the L 2 -metric. As a consequence, the geodesics for the L 2 -metric are given "pointwise": a smooth curve γ = γ(t) in Γ C ∞ (N, E), for t in an open interval, is a geodesic if and only if t → γ x (t) is a geodesic in M x with respect to g x for every x ∈ N (compare [FG] , Appendix).
An atlas for Γ C ∞ (N, E)
We first introduce a bit of notation. Let B * r (·) denote an open ball of radius r > 0 in the metric space * centred in the point ·. Let us also recall that a subset S of a Riemannian manifold is called strongly (geodesically) convex if for any two points in S, there exists a unique geodesic (defined on, say, [0, 1]) joining them and entirely contained in S, and this geodesic is minimizing in the ambient Riemannian manifold (compare, e.g. [Ch] , p. 333). In the case of a finite dimensional Riemannian manifold (M, g) it is well known that, given a point p in M , the open ball B M r (p) is strongly convex for r = r(p) > 0 sufficiently small. Let f ∈ Γ C ∞ (N, E). Then, since N is compact, there exists α(f ) > 0 such that, for all x ∈ N , the Riemannian exponential exp M x associated to the metric g x induces a diffeomorphism
Notice that, again by compactness of N , it is not necessary to assume geodesic completeness for the Riemannian manifolds (M x , g x ). Now, from [K] , Cor.1.9.11 (compare also, e.g., [dC] , Prop.4.2 and [Ch] , Thm.7.9), and by virtue of the smooth dependence of g x on x, (and by compactness of N , once again), there exists 0 < β(f ) < α(f ) such that for all x ∈ N , the ball B
(for x ∈ N ). Furthermore, one has the following natural homeomorphism between open sets
and a fortiori for β(f ) replacing α(f ) throughout. In this way, upon varying f , we get a smooth atlas for the Fréchet manifold Γ C ∞ (N, E).
Strongly convex neighbourhoods for L
-metrics
where d g x denotes the distance induced by the Riemannian metric g x on the manifold M x . Taking the preceding discussion into due account, we make the following fundamental observation:
is strongly convex with respect to the L 2 -metric, i.e. for all h 0 , h 1 ∈ U f , there is a unique globally minimizing L 2 -geodesic from h 0 to h 1 entirely contained in U f .
Proof. Recall that β(f ) > 0 has the property that for all x ∈ N , the ball B
) is strongly convex. Therefore, for all h 0 , h 1 in U f , we have that for all x ∈ N , h 0 (x) and h 1 (x) can be joined by a unique globally minimizing f (x) ). Denote this geodesic as
and observe that the map
is smooth (cf. [H] , Subs. 5.4.12) and has the following properties:
Since N is compact, the map
(having of course values in U f ) is smooth. Furthermore, since, for all x ∈ N , the map t → H(t, x) is a geodesic, the map H is a L 2 -geodesic from h 0 to h 1 , staying in U f for all t ∈ I. Finally, H is unique in U f and globally minimizing by the corresponding properties of the individual geodesics H(·, x). For f 1 , f 2 , . . . , f n ∈ Γ C ∞ (N, E), we set now
U f j and we deduce, from the preceding lemma, the main result of this note.
Theorem 3.2. For all finite collections f 1 , f 2 , . . . , f n ∈ Γ C ∞ (N, E) , the open set U f 1 ...f n is either empty or contractible. Therefore {U f | f ∈ Γ C ∞ (N, E)} is a good covering of the section space Γ C ∞ (N, E).
Assume now U is not empty. Fix any h ∈ U and define
(t) is the unique minimizing geodesic from h(x) to f (x) in B(x). Since B(x) is strongly convex (in the Riemannian manifold (M x , g x )), and U = {h ∈ Γ C ∞ (N, E) | ∀x ∈ N, h(x) ∈ B(x)}, H is well defined. Denote the set (N ) and observe that B(N ) is open in E and that the map π| B(N) is a smooth surjective submersion. Now the map 
is smooth as well. It follows that H is smooth since H(t, f ) = F (t, f (x)). Moreover, it is obvious that H t (f ) = H(t, f ) ∈ U for all t ∈ I and all f ∈ U and that H 0 (f ) = h and H 1 (f ) = f . Thus H is a homotopy between the constant map sending all elements of U to the point h and the identity map on U. Therefore U f 1 ...f n is contractible and {U f | f ∈ Γ C ∞ (N, E)} is a good covering of Γ C ∞ (N, E).
Remark. As already pointed out in the introduction, Theorem 3.2 is purely topological in nature.
Observe that the proof of Theorem 3.2 immediately yields Corollary 3.3. Since for arbitrary h and f in U f 1 ...f n , the curve H(·, f ) is the unique L 2 -geodesic in U f 1 ...f n joining h and f , the open set U f 1 ...f n is geodesically convex for the L 2 -metric.
